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Considering that a position measurement can effectively involve a momentum-dependent shift and 
rescaling of the "true" space-time coordinates, we construct a set of effective space-time coordinates 
which are naturally non-commutative. They lead to a minimum length and are shown to be related 
to Snyder's coordinates and the five-dimensional formulation of Deformed Special Relativity. This 
effective approach then provides a natural physical interpretation for both the extra fifth dimension 
and the deformed momenta appearing in this context. 

PACS numbers: 



THE MOTIVATION: IMPLEMENTING A 
MINIMAL LENGTH 



The goal of quantum gravity is to build a theory en- 
compassing both quantum field theory and general rela- 
tivity. An expected feature is the existence of a minimal 
length scale defined by the Planck length / p = \J hG / c 3 . 
The usual issue is how to reconcile such a discrete struc- 
ture with the requirement of Lorentz invariance (or more 
generally diffeomorphism invariance). We point out that 
such concepts of Lorentz invariant minimal length already 
exist in both general relativity and quantum field theory 
as soon as we deal with massive objects. 
In general relativity, a particle of mass m creates a 
Schwarzschild metric with an event horizon at the dis- 
tance r — Is — 2Gm/c 2 . This event horizon is a Lorentz 
invariant boundary: from the point of view of a static 
observer (at infinity), the distance r between the parti- 
cle and a test particle will get contracted under boosts 
but r will always remain larger than lg. The curvature 
of space-time deforms the length contraction of special 
relativity and creates such a bound 1 . 

In quantum field theory also, in presence of a massive 
field of mass m, the Compton length lc — h/mc estab- 
lishes a minimal length scale. If one tries to probe a 
distance r smaller than lc then the vacuum fluctuations 
and the creation of virtual particles will blur the mea- 
surement. 

The issue is then to provide a unified framework and lan- 
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1 In fact, the Schwarzschild metric forbids to observe locally a 
real particle and thus contradicts the standard formulation of 
the equivalence principle for real systems: the space-time is not 
flat very close to a particle. 



guage to describe the same physical phenomenon which 
seems due to two different causes in the two theories. 
Deformed (or doubly) special relativity (DSR) and its 
non-commutative geometry are such an attempt As 
we would expect in a quantum geometry theory, it de- 
fines the length/distance as a quantum operator and the 
minimal length comes from a discrete spectrum of the 
operator (or more generally a "length" gap). 
We propose to recover such a framework with non- 
commutative space-time coordinates assuming that the 
space-time coordinates that we measure are effectively 
not the bare usual but objects which also depend on 
the momentum p^. The motivation behind this is that 
the mass (and momentum) of a particle is fundamental to 
both the Schwarzschild radius and Compton length. In- 
deed, on the one hand, the momentum deforms the space- 
time metric and will thus affect the measured space-time 
coordinates; on the other hand, the momentum affects 
the position in quantum mechanics due to the uncertainty 
principle. 

Here, we introduce a class of momentum-dependent 
space-time coordinates. Requiring Lorentz covariant 
coordinates and focusing on the simplest examples, we 
analyze in details the cases of a coordinate shift in p^ 
and a p 2 -dependent rescaling. The shift can be inter- 
preted as a dragging or time-lapse in the measurements, 
while the p 2 -rescaling can be understood as the effect on 
the measurements of the object's mass 2 deforming the 
surrounding space-time. We show that these effective co- 
ordinates naturally lead to a stable so(4, 1) (or so(3,2)) 
structure similar to deformed special relativity which rep- 
resents a minimal length scale. This shows how easy it is 
to get non-commutative space-time coordinates in special 
relativity. We then relate this five-dimensional structure 
to the previous proposal of an extended special relativity 
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We insist that we work within special relativity and 
with Lorentz covariant objects. We neither break nor de- 
form the Lorentz invariance. Finally, we call rj^ the flat 
space-time metric and work with the signature (H ). 

II. NON-COMMUTATIVITY OF EFFECTIVE 
COORDINATES 

A first possible effect is a dragging of the particle mo- 
tion, that is we measure the position a bit later (or earlier) 
than it actually is. This leads to introducing the following 
class of phase space functions: 

= x^ - ^Pf,, (1) 

where <p is a dimcnsionless Lorentz invariant function on 
the phase space and k an arbitrary mass scale here only 
for dimension purposes. Since we require <p to be a scalar, 
it can be a function of x 2 , p 2 or the dilatation D = x v p v . 
We do not inquire a possible dependence on x 2 since we 
would like to focus on momentum-dependence 3 . ft is also 
easy to check that function of p 2 does not change the 
Poisson brackets. This leaves the case of a function <p(D). 
The Poisson brackets are straightforward to compute: 

SY Y X - ■ 

{X»,P»} = V„u-f'(D)^, (2) 

fa 

where — x^p v — x v p^ are the Lorentz generators. 

This new algebra of position-momentum is very simi- 
lar to the algebra underlying deformed special relativity. 
More precisely, if we require that the Poisson algebra ^ 
closes, it means that tp' is constant i.e. f{D) linear in 
D. We neglect the constant term in ip since a shift ±Tp^ 
with constant T amounts to a simple time shift on the 
trajectory. Then up to a renormalisation of the mass 
scale k, we have two possibilities for a = ±: 

X,j, = x^ + a—p^. (3) 



2 Since we work off-shell, the (squared) "mass" of the parti- 
cle/object is defined as p 2 and is not assumed to be constant. 
This allows our results to apply to quantum field theory, which 
allows fluctuations off the mass-shell. 

3 For a deformation of the type tp(x 2 ), we compute: 

{x^ + (p(x 2 )p l _ l , x v + tp(x 2 )pv] = -(tp 2 )' \x 2 )j ll „. 

The deformation generically depends on the distance x 2 but we 
get a constant deformation parameter for ip(x 2 ) = \J Ax 2 + B. 
We obtain a similar structure of the brackets for the class of 
effective coordinates defined by a p 2 -dependent rescaling of the 
coordinates (cf Eq. (0). 



This gives the commutators {X^, X u } — —aj^ v / ' k 2 . And 
the X, j's form a closed Lie algebra, so(4, 1) for a = + 
and so (3, 2) for a — — . This is exactly the structure be- 
hind DSR: if we assume that we measure the coordinates 
X^, thus that the X's are more physically relevant than 
the x's, then we end up with non-commutative space-time 
coordinates of the DSR type. It also means that there is 
a natural so(4, 1) (and so(3, 2)) structure in special rela- 
tivity. 

From the {X,X} = ±j/n 2 commutation relations, 
the effective coordinates X^ are identified with five- 
dimensional Lorentz generators j^/n, thus reproducing 
Snyder's original proposal At the quantum level, the 
eigenvalues of the X^ are either discrete or continuous 
depending on the 5d signature (discrete for space coordi- 
nates Xi and continuous for the time-like Xo for so(4, 1) 
and vice- versa). We can also compute the spectrum of 
the space-time interval X 2 and of the spatial distance 
XiXi, which turn out to be discrete in some cases. The 
interested reader will find more details in Q. 

Furthermore the coordinates X^ = Xn — Dp^/n 2 are 
weak observables for the relativistic particle of mass 
m 2 = k 2 , i.e. their Poisson bracket with the Hamilto- 
nian constraint H = p 2 — k 2 vanishes on the mass-shell. 
Thus there are also natural space-time coordinates from 
this point of view. A detailed analysis of their relation to 
strong Dirac observables and of the quantization of the 
relativistic particle in term of these coordinates can be 
found in Q. 

We now consider another class of effective coordinates 
defined by a rescaling of the space-time by a momentum- 
dependent factor: 

X, ^ f (J) x, (4) 

where / is an arbitrary function and k still an arbitrary 
mass scale. On the mass-shell when p 2 is held fixed, we 
can not distinguish measurements of the original coordi- 
nates x and of the modified coordinates X. However, as 
soon as p 2 is allowed to fluctuate, the behavior of X will 
differ from x. 

We can interpret this rescaling as a mass-dependence in 
the metric, similarly to what happens in general relativity 
when massive objects deform the flat metric. 

As above, these effective coordinates are also non- 
commutative: 

(f 2 Y 

{X„X U } = -y-fjp,, (5) 

where the argument (p 2 j k 2 ) is implicit. We introduce 
a dual rescaling of the momentum, = p^/f- The 
{X, P} bracket then takes the same shape as above 4 : 

{X M P V } = v ^-{f 2 )'^L. (6) 
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The Lorentz generators are unmodified, j M „ = x^p^ — 
X\pPv] j an d the new coordinates X^ and transform 
normally under Lorentz transformations. 

The {X, X} oc j commutation relation suggests an 
underlying five-dimensional structure. As previously, as 
soon as the non-commutativity factor (f 2 )' is constant, 
the Poisson algebra (X\,j^ u ) closes and forms a so(4, 1) 
or so(3,2) Lie algebra. This requirement means that the 
deformation must be of the type / = yj Ap 2 /k 2 + B with 
arbitrary constants A, B. Up to a renormalisation of the 
mass scale k, we parameterize these possible deformations 
as: 



e = ±, e' = ±l,0. 



(7) 



Notice that this can never be defined on the whole mo- 
mentum space and we always get a minimal or maximal 
bound on p 2 given by ±k 2 or depending on e and e'. 
The sign e = + gives a so (4, 1) algebra while e = — cor- 
responds to a so(3, 2) signature. 

We can of course consider a generic deformation with 
a momentum dependent commutator {X, X}. For ex- 
ample, it might be interesting to construct coordinates 
which would remain commutative for small p 2 but lead 
to a constant non-commutativity for very large p 2 , or 
vice-versa (non-commutativity for small p 2 but classical 
in the asymptotic regime) . However the algebra of X, j, p 
would not close. 

To sum up, assuming that the momentum has non- 
trivial effects on the measurement of space-time coordi- 
nates and that we can model such effects by introducing 
effective coordinates X depending on both the original 
coordinates x and the momentum p, we have shown that 
the commutativity of the coordinates is not stable and 
that we naturally end up with non-commutative space- 
time coordinates. Moreover, for Lorentz covariant effec- 
tive coordinates, we get Poisson brackets {X, X} propor- 
tional to the Lorentz generators j M „ , thus embedding our 
effective coordinates in a five-dimensional structure with 
an underlying SO(4, 1) (or SO(3, 2)) symmetry. 

Next, we inquire in more details at this so(4, f) struc- 
ture and relate it to the 5d representation of DSR M] and 
the recently proposed extended special relativity Q . 



III. THE 5D STRUCTURE AND EXTENDED 
SPECIAL RELATIVITY 

Let us consider a more general possibility of both a 
shift and a rescaling of the space-time coordinates: 



X„ 



,P 



/(f=) x M -<p(D) 



We compute the position commutator: 



{X^, X v ] 



r(/ 2 



(8) 



(9) 



where the arguments of / and tp are kept implicit. Once 
again, as soon as (/ 2 )' and ip 1 are constant, the Poisson 
brackets define a closed Lie algebra (X,j). Taking as 
above 



P 



tp = aD, 



we obtain: 



{X^X U } = ( 



e a) 



The effective coordinates X^ are thus identified with ex- 
tended Lorentz generators j^i/n and form a so(4, f) or 
5o(3, 2) algebra with the j's depending on the values of 
the parameters e, e', a. 

Such a structure reminds of the conformal group. The 
coordinates X^ are actually very similar to the gener- 
ators of the special conformal transformations 5 but 
the main difference is that X depends on the arbitrary 
mass scale k 2 while the mass scale for K is set by the 
momentum p 2 itself. 

The identification of X^ with the generators j^/n ac- 
tually leads to the introduction of fifth coordinates of 
position and momentum x 4 ,p4 satisfying 



Xa = -{x^pi - x 4 p^). 

K 



(10) 



A straightforward matching of this condition with the 
definition of X^ gives: 



X4 = -f<P, Pi = «/■ 

K 



(11) 



4 More generally, if we introduce an arbitrarily rescaled momen- 

2 

turn P M = (?(^)Pn, we get the modified bracket: 

/v pi t ( P » P A 
{Xy.,p v } = fa [v^f + -^-—^p- J ■ 

To keep a leading order in »; MJ/ , it is natural to require that fg = l 
and therefore P M = 



5 The generators of the special conformal transformations in mo- 
mentum space are: 

2 ( D 
Kf, = p - 2— p M 

This is to be compared to = f(p' 2 ) (x M — aDp^/n 2 ). 
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Taking into account the values of / and ip, these new 
coordinates match the 5d representation of DSR in the 
Snyder basis H,0|- Moreover, the present "effective coor- 
dinates" point of view gives a natural physical interpre- 
tation of the DSR fifth coordinates X4 and P4, as the shift 
and rescaling between the original (fundamental) space- 
time coordinate and the effective (measured) coordinates. 

We introduce the rescaled momentum — p^/ f dual 
to X. It is such that the representation of the Lorentz 
transformations is not modified, — X^P^ . We also 
compute the new canonical bracket: 



p»p v 



PpPv 



{n+v' 1 



V f 



e + a — 2ae- 



P 2 



(12) 



where we have assumed e' ^ 0. The case e' = is some- 
what pathological since it means that P 2 does not vary 
and is always normalized to en 2 . We therefore exclude 
this case and restrict our analysis to e' = ±1. 

Let us look at the physical interpretation of these ef- 
fective coordinates. We focus on one case e = e' = 1, but 
everything can be easily transposed to the other cases. 
The 5d structure is then so(4, 1). Looking at the mo- 
mentum variables, we have: 



1 



(13) 



In the p variables, we have a truncation of the phase space 
p 2 > — k 2 . On the other side, we have a restriction on the 
mass in the P variables, P 2 < k 2 . This maximal cut-off 
of the momentum P is dual to a minimal length scale h/ n 
in coordinate space X . 

The important point is that if we effectively measure 
the variables P^ as momentum the the conservation laws 
will look deformed. Indeed, considering the addition law 
for momenta, the addition p^ = pft + will become 
non-trivial expressed in the P variables: 



Pu 



p 



(1) 



p 



(2) 



pi 



(P* 1 )) 2 



(P< 2 >) 2 



(14) 



This defines a deformed addition for effective momenta 



P 



_ P (i) 



>(2) 



ji — j- fj, a? ± ^ ^ Pji + Pjf' although the underly- 
ing physics has not been modified. From this point of 
view, the P's are not the fundamental variables, however 
they are the variables that we effectively have access to 
through direct measurements. Let us point out that this 
deformed addition is nevertheless still commutative. 

This perspective also allows to use different deforma- 



(2) 



(1) K (2) 



tion mass scales for the different systems, k' 
could a universal scale, or depend on the space-time cur- 
vature, or be related to the physical properties of the 
system, or even depend on the observer and the choice of 
measurements [!, Q . 

Then does there exist a natural choice for k in term of 
and k^ 2 )? One possibility is the existence of a funda- 
mental mass scale, such as the Planck mass Mp. Then we 
could take k = = = Mp. This is the traditional 
choice in DSR. Nevertheless, the five-dimensional struc- 
ture suggests a different approach. Indeed, we can use 
the new fifth component of the momentum and postulate 
a new conservation law: 



PA 



Pi 



(2) 
Pi ■ 



(15) 



For small energies, when the p 2, s are small compared to 
the k's, the leading order of this fifth addition law reduces 
to k w k' 1 ) + k( 2 \ This is exactly the 5d point of view on 
DSR, which we actually proposed to call Extended Special 
Relativity to emphasize the difference with the standard 
formulation of DSR Q. 

We have considered a shift and a rescaling (both 
Lorentz covariant and momentum dependent) of the 
space-time coordinates, which shows how the notion of 
minimum length can appear at an effective level within 
special relativity. This formalism can naturally be recast 
as a five-dimensional framework and related to Snyder's 
approach for a Lorentz invariant non-commutative space- 
time. Our point of view then provides the missing phys- 
ical interpretation of the extra 5d coordinates (^4,^4): 
they precisely encode the information about the shift and 
the rescaling. As a consequence, the deformed addition 
of (effective) momenta, which is commutative, also en- 
codes the natural rescaling of the deformation mass scale 
avoiding therefore the "soccer-ball problem" often met in 
theories with a minimal length such as DSR. 
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